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Vibration and Damping Analysis of a Multilayered
Cylindrical Shell, Part I: Theoretical Analysis

Naiyar Alam*
Aligarh Muslim University, Aligarh, India

and

N. T. Asnanit
Indian Institute of Technology, Delhi, India

The governing equations of motion for the nonaxisymmetric and axisymmetric variational of a general
multilayered cylindrical shell having an arbitrary number of orthotropic material layers have been derived using
variational principles. The refined analysis considers bending, extension, and shear deformations in all layers of
a multilayered cylindrical shell, including rotary and longitudinal translatory as well as transverse inertias. The
solution for a radially simply supported shell has been obtained and the procedure for determining the damping
effectiveness in terms of the system loss factor for all families of the modes of vibration in a multilayered shell
with elastic and viscoelastic layers is reported. Numerical results are reported in Part II of the paper.

Nomenclature

=Young’s modulus of ith elastic layer of multi-
layered shell along axial direction; in-phase
component of Young’s modulus of ith
viscoelastic layer of multilayered shell along
axial direction (i=1,2,3,...,n)

=Young’s modulus of ith layer of multilayered
shell along circumferential direction; in-phase
component of Young’s modulus of ith visco-
elastic layer of multilayered shell along cir-
cumferential direction (i=1,2,3,...,n)

erb,i’
vois =shear moduli of ith layer. of multilayered shell;
in-phase components of shear moduli of ith
viscoelastic layer of shell

J =modal number (number of half-sine waves)
along circumferential direction of multilayered
shell

=v-1

=length of multilayered shell

=modal number (number of half-sine waves)
along axis of shell

n =total number of layers in multilayered shell

G¢z,i

Qi =reduced stiffness of layers

R; =radius of middle surface of ith layer of
multilayered cylindrical shell (i=1,2,3,...,n)

t; =thickness of ith layer of multilayered shell
(i=1,2,3,...,n)

u;,v; =longitudinal displacements along axial and
circumferential directions of different layers of
shell (/=1,2,3,...,n)

w =radial displacement of multilayered cylindrical
shell

X, 9,2 = ¢ylindrical shell coordinates

B] = (m1rR1 ) /L .

Nie =material loss factor in extension for ith
viscoelastic layer of multilayered shell
(i=1,2,3,...,n)
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Nis =material loss factor in shear for ith viscoelastic
layer of multilayered shell (i=1,2,3,...,n)

VesisVexi = Poisson’s ratio of ith layer of multilayered shell
inx-¢ plane (i=1,2,3,...,n)

0; =mass density of ith layer of multilayered shell
(=1,2,3,...,n)

w =resonance circular frequency of multilayered
shell, rad/s

Superscripts

() =a complex quantity

() = differentiation with respect to time

() = differentiation with respect to x

0O* =differentiation with respect to ¢

Introduction

HE basic theory of a sandwich shell is attributed to

Reissner.! The initial research work on the vibration
problems of sandwich cylindrical shells was carried out by
Yu,>* who considered thickness shear deformations in the
core and extensional deformations of the face layers and
investigated the axisymmetric vibrations of sandwich
cylindrical shells for both freely supported and infinitely long
shells. Padovan and Koplic’> derived equations for the
vibration of three-layered sandwich cylindrical shells, in-
cluding thickness shear deformation in both the core and face
layers, and obtained solutions for free vibrations of closed
and open configurations of infinite and simply supported
cylindrical shells. Extensive review work on the vibration of
shells has been reported by Leissa® and Bert and Egle.” The
analysis of a cylindrical shell coated on one side with a
damping material was first attempted by Kagawa and
Krokstad.® Equations of motion and boundary conditions for
the axisymmetric vibration of a finite length sandwich
cylindrical shell with a viscoelastic core has been discussed by
Pan.® Markus!® investigated the axisymmetric vibration and
damping of a cylindrical shell coated with viscoelastic layers
on one or both sides and recently reported a refined
analysis.!!

The vibration and damping analysis of a cylindrical shell
with an arbitrary number of elastic and viscoelastic layers has
not been attempted so far and is the subject of the present
investigation. The governing equations of motion for
vibration of a general multilayered cylindrical shell having an
arbitrary number of orthotropic material layers have been
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derived using variational principles. The strains due to ex-
tension, bending, in-plane shear, and transverse shear for all
layers of the shell have been considered, and rotary and
longitudinal translatory inertias along with transverse inertia
have been included. A solution for a radially simply sup-
ported shell has been found (and evaluated) by taking series
solutions and damping effectivenss in terms of the system loss
factor for all families of the modes of vibration of a
multilayered shell with elastic and viscoelastic layers.

The higher order terms considered in the present analysis
give rise to higher order frequencies, which are expected to lie
in a practical range for a multilayered shell with alternate
elastic and viscoelastic layers; hence, their role in the damping
of randomly excited shells is important. Thus, studies on the
variation of higher order frequencies and the corresponding
system loss factors with shell parameters are useful. Further,
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the present analysis may be applied to the vibration and

damping analyses of layered shells of fiber-reinforced
composite materials.

Equations of Motion

The cross section of an n-layered cylindrical shell is shown
in Fig. 1. The curvilinear coordinate system has been em-
ployed with displacements «, v, and w along the x, ¢, and z
directions. The assumed deformation patterns in the cir-
cumferential and longitudinal directions are also shown in
Fig. 1. It is assumed that the deflections are small and that the
material of each layer is orthotropic. It is also assumed that
the normal cross sections in each layer remain plane and
continuous before and after deformation and that there is no
slip at the interfaces. Such deformations account for bending,
extension, and thickness shear in all of the layers and are
described by the following displacement fields.

The displacements u,; and v,; in the ith layer in x and ¢
directions at a distance z; from the middle of this layer is given
as
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Strains in the ith layer of the shell are given as

t t
Exx,i = [W(j‘zi) +uiy (EI +Zi>]/ti (22)
«f b « (b
6¢¢,i= v; 5 -2 +Ui+1 5 +zi +t,W r,~t,— (2b)
- v+, (Wi =)
'Yx¢,1 2 i ti
1 Tu*+u* * g
+ ;_ [ul +2u1+1 +Z,- (u1+1t 1) ] (ZC)
i i
Yagi =W + (Ui —u;) /1 (24d)
wh v - [Ui+1“vi—1 (Vig1—vi_y) ]
Yozi r; t; r; 2 ! L
(2e)

where r; =R; +z;.

Each layer of the shell is considered to be orthotropic with
six independent elastic constants: for the ith layer, E, ;, E,,
zeb,i: Vxo,is ze,i’ and G¢z,i'

The stress-strain relationships for each layer can be ex-
pressed as

Oxx,i Qui Qi 0 Exx,i
Opgi Qs Qi 0 €, (3a)
Txg,i 0 0 Qi Vxo,i
Tez,i Cyui O Yoz, i
= (3b)
Txz,i 0 C, Vxz,i

where
U= (U +uip ) 1242 (U ~ui_ )/t (1a) 011i=Eil 1=V iV01)s Qazi=Eyil (1= Vg iVxsi)
V=V + Vi) /242, (Vi ~v; 1) /T (1b)
Q12 = Vi B i/ (I =4y iVy0) = Qari = Vye,iBgi/ (1= Vg iVss1)
fori=1,2,3,...,n).
Qe6,i=Crpis Cagi=Cgris Css5, =Gy (©)
ul
t Tt laver uz2 27 ]
'._ﬂ_Li vl
. . //
ui Ul s
t ulnfl
[
th layer
n unll/ A~ y
Une+t _
) ) T x
- L =
a) b)

Fig.1 a) Circumferential displacement of layers in sectional plane ¢z.

b) Longitudinal displacement of layers in longitudinal plane x-z.
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The strain energy U for the n-layered shell is given as
n

)i +;2
U= 3 EI S S S—t»/z (O i€xxi t T45,i€00,i + Tag,i Vo, F Tue,iVuzi ¥ Tg2,iV i) rideddxdz; &)
1= ]

The total kinetic energy 7 of the shell is given as

noaam AL noazr oL i+ \2 Rt I
1R W2 AR (ZHL T 12y —L
{; S Sop,t,R,w dedx+ ,-=21,z So Sop,[R,t,( L )+ L Gl =)+ (i = ) 12]d¢dx
< i1 +0;\2 Rt a1
+ ) § S p,[Rt (M) +=5 (= 0)2 + (02, — v,?)—]dqsdx} ©)
i=12 2 12
The work done by the external radial excitation forces f(x,¢)g () is given by
2r pL
v={," | suo)g( wasax 7)

Performing the variation term by term and making use of Hamilton’s principle, the following equations of motion are obtained:

t; , Rt 4 Ri_,t,.; v t
U Qi1 R ;l ! [Qu:( - ) Qi 1(“'%‘*1 ,"1—21>]+u,+1Q11, ( 12,i- 1 +Q661 ! l61>
b t_ ¢ , t t; 0 7
(Qm +Quie1— +Q661 +Q661 1 131)+v?+1<Q12,ié+Q66,ié) uj’ 1[ :6‘ ! (‘14—1141,1—1—143,,'—1)]

s [Qos.i tI?A A 4 Qss,i—1 (-1 Qss,i I:ZA A
tult | T \gAnt A — Ay )+ =5 7 Anirt Azl Ay +uld 7 \gAui—4si
i : i1 i

t_ R._, R, Ri_, R
( 12i % +Q12: e +C55:R ~Cssim R 1)"‘"1 1Css,i- 17 ui(C.SS,it—_‘ +055,i—1—tf_)+ui+lc55,it_l
!

2 i—=1 i—1 i
. R ti_iic;1 . (Ritp; Ri_tii0i-; Boi B_pi . Ritip;
—i;_, i—1 161p1 1 —u[( 13(p1 + i—1 131p1 1 __}_f;l+ i 1121 1 )_‘u,’+1 16191 =0 (8)
fori=1,2,3,..., (n+ 1), these are (n + 1) equations.
Ri_iti-y |, Rit; Riiticy g i, Rt Qazi-1
V{1 Qss,i1 161 +vi<Q66: 3 +Qss,i—1 ‘3' —Q661 +Q661 TS )+U:+1 661 g Lo t_’
2 e . 2
X <’—1A1,i—1—A3,i—1)+Ui"[szz" (—IA1,i+A3,i—tiA2,i>+sz'l : (—’—lAI,i—1+A3,i—l +ti—1A2,i—1_)]+U:*+*1 Qi
4 7 \37 2, \4 2
# ti_ Loy
X(:;An A3z>+u, 1( 12,i-1 +Q661 1 ‘6 )
) t t; , t; 4 3
+u;"+1< 12,i 2 +Q661 )+u* < 123 +Qui1— +Q661 +Q661 1 '31)
On,i (ti Qi1 (ti—y 2R;+1; 2R;_ -t
+w*[ i (U g, — Ay )+ 22 (B2 A Ay ) 4 CaiA L T Gy Ay im iR
£ 2 Li 2,i ) 2 Li-1 2,i—1 44,i41 1,1 2t1 4,i-111i-1 2ti—1
4R2 -1, (2R, +1,)? (2R, +1;_;)? (4R?— 1)
+0; 1 Cuio1Apioi i, +u; [C44,i - LitCizy —ar, AI.i-—l] + 0 1C e Ay
i Ri_jti_1pi-4 i (Ritipi +Ri—1fi—19i—1 to; ff—1pi—1) . Ritip; -0 ©)
— Uiy - U; e ) Vi =
6 3 3 12 12 6

fori=1,2,3,..., (n+ 1), these are (n+ 1) equations.

< < i (L CuiAy;
E [(u +u;+1)Q”” Css,iRi(ui'u_ui')]*' {%@‘07<5’A1,1—A2,i)+Q;2‘ z*+1(2A1: Az,i)‘*'—M'—'z_I'”

i=1,2 i=t2 -~ b i

2R +1, 2R, —1;) . .
X [U?‘(—It—_) ~Uk g—it—l_ ]} + E (Rit;ip;W—Cssitipiw” — Cyy Ay iw™™ + QiAW) +f(x,0)8(1) =0 (10)
i i i=1,2
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The boundary conditions obtained at x=0 and L are:
1) Either w=0or

n
E Css,i [2R;t;w” +2R; (upy —u;) | =

i=12

2) Either u;=0or

2R; R; t; v v
QII,it1< 3 u + 3 1+1 6 >+Q121 :(3 + I;I

vi vl W vi v W
+2Qi_ i ( +—+ = >+ ,»t-(——+ + =
QIZ, 1 1 6 3 2 QI2, i 3 6 2

fori=1,2,3,...,n+1.
3) Eitherv;=0or

*

2 T Tk
-R,-t~<«v{+ s )+2 it,»(—'
Q66,1 i 3 3 Q66, 3

2

Ul
+' ) Q66:

#, r ur
+Q66l U/ +2Q¢6,i—1ti—; i—1+‘§‘ =0

fori=1,2,3,...,n+1.

w
+ 3 ) +Qui-iti-g (‘—3‘" ui+-—
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(11a)
2R R; it
i—1 3 uj_ 1+u é 1)
(11b)
2 , v/_j
U/ + Qi 1Rt 1(3 +T)
(11¢)

For ax1symmetr1c vibrations of a cylindrical shell, the deformations are independent of the angular coordmate The equations of
motion for axisymmetric vibration of a multilayered shell may be written from Egs. (8-10) as follows:

11R11

) Rit; 8Y -
Ui IQIII 1 6 [QIII( ) QIIt I( 3

Rt

4+ —

RII
tII

i—1 ” R
12) + Ui 1 Qi 5 +u, 1Cssjimp——

R; R;_ R; . . Ri b0y
—”1<C551 +Cssi = )ty Css i~ (Q12, + Qi1 +C551R Css,io1Ri- 1> U j——————
L tz—I t, 2 6
L (Ritio;  Ri_jti_ipi_y  pit] pi—Itxg—l) . Ritip;
—i; + By iy, P = 12
ul( 3 3 12 12 i+1 ( )

Fori=1,2,3,..., (n+1), this gives (n + 1) equations,

R;_ 1t, ! ” # R;_;t_, 1 Ryt
v/ 1Q66,i-1 5 <Q661 Q661 +Q661 = 3 + Qesim1 2 >+U:+1 561 T
(4R7_;—17_)) (2R; +1;)? (2R;_; —t;,_1)? (4R; - 1))
+0, 1 Coi— 1AL T =V [044,,'141,:‘ ———I‘T +C44,i—1A1,i~1—_# ] +V;pg [044,:'/41,:‘ ""Zt‘lz—— ]
. Ri_jti_0i_ . (Ritip; Ri_ ti_1pi 2 2 Y
"y 1 i-1Pi—1 _vi< iPi 1 Pi—1 _pl 1ti—-1 _ptt1>_lo)~i+1R1tlpl =0 (13)
6 3 3 12 12 6
Fori=1,2,3,...,n+1, this gives (n+ 1) equations and
n n
E Q[Zl i C ’ ’ E - p ”
(u{+ui) = Css iRy (ujy —uj) |+ (Ritipiw—Css i Ritiw” + Qg ;A w) +f(x) g (1) =0 (14)
i=1,2 i=1,2

Equations (12) and (14) are coupled and represent equations

of motion for coupled radial and longitudinal motion.

Equation (13) is uncoupled and represents torsional motion.
In the above equations

A —S+ti/2 dzi N [R,+(t,/2):|
D)oz (Ri+z) LR, —(8/2)
+4/2 ;dz; R; t;/2
A2i=S ! &zti_Riloge[_'M]
’ ~1i/2 (R,+Z,) R,—(t,/Z)
+1;/2 zzdz_ R~+(t~/2)
An=| T o Ryt+ Rilog, [ ) |
=) w2 (Ri+z,) %8| R,—(1,/2)

For t;/R, <1, after expansion and neglecting the higher-order
terms,

t, 1 /N3
g+ (5)
LTR, T 12 \R, (152)
18 18
Ay =— b L 15b
2 12 R? 80 R? (150)
18 18
Ay =— =4 +— =L 15¢
T I2R, 80R: (15¢)
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Solution for Finite Cylindrical Shell
with Simply Supported Ends

The solution for a radially simply supported multilayered
cylindrical shell consisting of elastic stiff and elastic soft
layers was determined first. Subsequently, the vibration and
damping analysis of .a multilayered shell with constrained
viscoelastic layers was obtained from the solution for all of
elastic_layers by replacing alternate soft elastic layers with
viscoelastic layers. The properties of the viscoelastic layers
have been taken by the principle of correspondence of linear
viscoelasticity, i.e., under harmonic motion, the moduli of
viscoelastic materials have been taken as complex quantities.

The series solution of the vibrational response at resonant
frequencies satisfies the differential equations (8-10) for the
nonaxisymmetric vibration of a multilayered cylindrical shell
as well as the boundary conditions in restricted manner as
follows:

. mwx ‘
u;= E 2 U, ic08-—— sinj¢sinwt (16a)
m=1 j=1 L
2 e mnx
v;= E E V. iSIn sinjpsinwt (16b)
m=1 j=1
2 e mmx
w= Y, ) Wy sin—— sinjgsinot (16¢)

m

il
—~
.

I
—~

Expanding the excitation force results in

fud)gny= Y, Efmjsin?sinjminwt a7

m=1 j=1I

Similarly, a series solution in the form given below satisfies
the differential equations (12-14) for axisymmetric vibration
of shell:

mmx
U g,i€08

s

sinwt (18a)

3
4

Voo, ,sm smwt (18b)

i
I Ms

(5
W oo, ,sm sinw? (18¢)

=
I
] l‘18

The excitation force in this case may be expanded as

fx)g(t)y= E fmsin?sinwt (19)

m=1

Substituting Egs. (16) and (17) into the governing differential
equations for the nonaxisymmetric vibration of a
multilayered shell, (2n#+ 3) simultaneous algebraic equations
are obtained. Similarly, substitution of Eqgs. (18) and (19) into
the equations of motion of the axisymmetric vibration of shell
also gives (27 + 3) simultaneous algebraic equations.

The vibration and damping analysis of a multilayered
cylindrical shell is obtained from the solution of all elastic
layers by replacing the elastic layers with viscoelastic layers.
Let 5, be the material loss factor of the ith layer in the in-
plane and transverse shears and »,, be the material loss factor
in the extension along the x and ¢ directions. Thus

Gx¢,i= x¢,i(l+j177is)1 ze,iszz,i(I‘*‘jJﬂis);

Gyoi =Gy (1+jmi5), E =E,(I+jm),
Ey=E,(I1+jm) Qo)
fori=1,2,3,...,nand j, =v —1.
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After substituting the above complex elastic moduli in the
algebraic equations obtained for nonaxisymmetric vibration
and eliminating U,,;; and V,,, ; (i=1,2,3,...,n+ 1) in terms of

W,,,;» the resulting equation in W,; can be wrltten as

Wi (R +j I =N (Ry +j 1 = N;),.., (2n+ 3) terms] = f
n
where f,,; =f;/Ey ;. ’
Here the complex frequency parameters A;, Aj,...,Az3
define the resonance frequencies and the associated loss
factors of the (2n+3) modes of the family of modes
corresponding to a set of values of j and (m#R;)/L. These
complex frequency parameters are also the eigenvalues of the
complex matrix

[A,+AB,1X=0 22)
where

T,
Umj,n+1: ij,]: ij,2:---» ij,n+1: ij]

23

[ mj, 1> ijr

Both [A ;] and [B,] matrices are of order (2n+3) and are
given in the Appendix; here, A= (p,t,R,;0?) /E, .

Similarly, substitution of the complex elastic moduli of the
viscoelastic layers in Eqs. (12) and (14) forms complex
eigenvalue problems of the type

[1212 —N\B;1X,; =0 (24)
where

X1= [UmO,]’Umf),Z)---’UmO,n+I’ WmO]T i ' (25)

[131 ] and [B,] are matrices of order (n+2). The eigenvalues
of Eq. (24) give the resonance frequencies and associated
system loss factors for the coupled radial and longitudinal
modes of vibration for axisymmetric vibration. Equations
(13) form a system of uncoupled equations and thus a
separate eigenvalue problem of order (n-+ 1) as given below
and also give resonance frequencies and associated system loss
factors for torsional and other circumferential shear modes
for axisymmetric vibration,

[A; —\B;1X,=0 26)
where

X2: [VmO,I’VmO,Z’-"J Vm0,n+l’Wm0]T (27)

These matrices are given in the Appendix.

Conclusion

The governing differential equations of motion for
nonaxisymmetric and axisymmetric vibrations of a general
multilayered cylindrical shell with an arbitrary number of
orthotropic material layers have been -derived using
variational principles. Deformations due to extension,
bending, in-plane shear, and transverse shear are considered
in all layers of the shell. Rotary and longitudinal translatory
inertias along with transverse inertia are included. Apart from
the determination of higher-order frequencies, the analysis is
expected to give accurate results for the lower modes of
vibration in cylindrical shells. By applying this analysis and
using the corresponding principle of linear viscoelasticity, the
resonant frequencies and associated system loss factors have
been evaluated for radially simply supported multilayered
shells consisting of alternate elastic and viscoelastic layers.
For an n-layered shell, (2n+3) resonant frequencies and
associated loss factors have been determined for
nonaxisymmetric as well as axisymmetric vibrations. For
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nonaxisymmetric vibrations all of the (2n+3) modes are
coupled, while for axisymmetric vibrations the radial mode is
coupled with (n+1) longitudinal modes and the remaining
(n+ 1) modes are torsional and circumferential shear modes.
In the present refined analysis, each layer is of orthotropic
material and its transverse shear deformation has been
considered along with other deformations. As such, the
analysis has a great scope of application for vibration and
damping analysis of fiber-reinforced composite material
shells. ’
Computation and numerical results of the resonating
frequencies and associated system .loss factors for
multilayered shells are reported in Part II of the paper.

Appendlx

The elements of matrices A 1 By, A 2» By, A 3, and B; (see
Fig. Al) are as follows:

Qui-1T1i-1 .
GA; = 6 +4s6,i-1 T2,i—1./2 ~Cssim1Ts3i-4
Ty
HA(,‘) = 4; !
T,, T3 Tpi-i | Thiog
GB,. = ‘< '__,')4. g <_'_ _'_>
W =4, 3 12 qi1i-1 3 + 12

+ 465,12 Ts,i +qs6i-15* Tsi—1 +Css,; T3+ Cssi- 1 T3,

Ty Ty Try Ty
HB ;) = - —— — ——— — L 2t
@ 3 3 12 12
_qu, P
GCj)y = = +qe5,if Ty — Css,i T3,
T41
T 1 i— T i—
GD(,) _ 42, :6 i) + des,i 16 si-1J
T, i—1Tsgi_1] iTgi) i1 T8i-1]
GE(,)—q12'3 81.1+q12,l 13 8 I.]+q66,3 8,J+q66,1 13 8i~=1J
T 7 T .7
GF(,) - q12 16 8,1./ q66,16 8,1.1
T, . Tl
GG(,-)=—q”"2 8i i 128,1 1
Tyio T
GH“)_‘IJ.?: 163 1./+q66,1 16 8i-1J
Teij o Te:i i
GI(,,-q”}S”J +¢I12,z 13 8,i—1J
Teif T, .f
Gl = 412,:6 8,i/ + q66,16 ‘8,11
Qes,i—1T1i-1 .
GK = 3 ! + @i 1 Tai-15? = Cogimray,
X(T}-;— %)
T,.
HK = ‘—4’;‘—‘1
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Fig. Al

Matrices,‘?,, BI' /‘i), Bz, /‘i], and 83.
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Loy = —
GL 12 3 12 3

+ (22 s+ qo0i 1 Tsim1)J% +Cagiay; (T + ¥2)?
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